ON THE SINGULAR WEYL-TITCHMARSH FUNCTION OF
PERTURBED SPHERICAL SCHRODINGER OPERATORS

ALEKSEY KOSTENKO AND GERALD TESCHL

ABSTRACT. We investigate the singular Weyl-Titchmarsh m-function of per-
turbed spherical Schrédinger operators (also known as Bessel operators) under
the assumption that the perturbation q(x) satisfies xzq(x) € L'(0,1). We show
existence plus detailed properties of a fundamental system of solutions which
are entire with respect to the energy parameter. Based on this we show that
the singular m-function belongs to the generalized Nevanlinna class and con-
nect our results with the theory of super singular perturbations.

1. INTRODUCTION

In this paper we will investigate perturbed spherical Schrédinger operators (also
known as Bessel operators)

d? I(1+1) 1
(11) T:_@_F 5,172 —|—q(5€), l Z _57 1’6R+ = (O,—FOO),
where the potential q is real-valued satisfying

= N

xq(z) € LY0,1), > —
z(1 —log(z))g(z) € L'(0,1), 1=—

Note that we explicitly allow non-integer values of [ such that we also cover the
case of arbitrary space dimension n > 2, where [(l + 1) has to be replaced by
I(l+n—=2)+(n—1)(n—3)/4 31, Sec. 17.F]. Due to its physical importance this
equation has obtained much attention in the past and we refer for example to [2],
[16], [19], [27], [31] and the references therein.

We will use 7 to describe the formal differential expression and H the self-
adjoint operator acting in L?(R, ) and given by 7 together with the usual boundary
condition at x = 0:

11

(13) lim 2! (14 1)f(z) —2f/(2) =0, 1€ [-5,5).

We are mainly interested in the case where 7 is limit point at oo, but if it is not, we
simply choose another boundary condition there. Moreover, one could also replace
R4 by a bounded interval (0, b).

If | =0 and ¢ € L'(0,1) such that the left endpoint is regular, it is well known
that one can associate a single function m(z), the Weyl-Titchmarsh (or Weyl) m-
function, with H, such that m(z) contains all the information about H. In the
general case (in particular when [ > % and 7 is limit point at the left endpoint) it

(1.2) q € Ligc(R+), {
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2 A. KOSTENKO AND G. TESCHL

was shown only recently that one can still introduce a singular Weyl function M (z)
which serves a similar purpose (we refer to Gesztesy and Zinchenko [I5], Fulton and
Langer [13], [14], Kurasov and Luger [24], Derkach [6], and Dijksma and Shondin
[1]). For a comprehensive treatment we refer to our recent work with Sakhnovich
[20].

The key ingredient for defining a Weyl m-function is an entire system of linearly
independent solutions ¢(z,x), 6(z,x) of the underlying differential equation 7u =
zu, z € C, normalized such that the Wronskian W (6(z), ¢(z)) equals one. To make
the connection with H, one solution, say ¢(z, ), has to be chosen such that it lies
in the domain of H near the endpoint x = 0 (i.e., ¢(z,.) € L?(0,1) and it satisfies
the boundary condition at = 0 if H is limit circle at = 0). Once ¢(z,z) and
0(z,x) are given, the Weyl m-function M (z) can be defined by the requirement
that the solution

is in the domain of H near +oo0, i.e., ¥(z,.) € L*(1,+00).

While this prescription sounds rather straightforward, it has turned out to be
rather subtle! Namely, the following problems naturally arise in the study of sin-
gular m-functions:

e existence of entire solutions ¢(z,z) and (z,x) as above.

e analytic properties of the singular m-function.

e a canonical normalization of the fundamental solutions ¢ and 6 at a sin-
gular endpoint = 0.

In [20] we have shown that a necessary and sufficient condition for a system of
solutions ¢(z, ) and 0(z, x) to exist is that one operator (and hence all) associated
with 7 restricted to a vicinity of the singular endpoint has purely discrete spectrum.
This clearly affirmatively settles the first question. In addition, it implies that the
corresponding singular m-function is analytic in the entire upper (and hence
lower) half plane and thus also partly settles the second question. Moreover, we
have shown that there exists a renormalization of the fundamental solutions such
that the corresponding singular Weyl function is a generalized Nevanlinna or even
Herglotz—Nevanlinna function. However, the corresponding choice of fundamental
solutions is not naturally given and it was only indirectly constructed.

On the other hand, in the special case of Bessel operators , under the ad-
ditional assumption that the potential ¢(z) is analytic and of Fuchs type near
x = 0, there is a natural choice of fundamental solutions, namely those obtained
from the Frobenius method. It was shown by Fulton and Langer [I4] that this
choice leads to a singular Weyl function in the generalized Nevanlinna class N2°,
where k < & := |L + 2] (for the definition of NZ° see Appendix . Here
|z| = max{n € Z|n < z} is the usual floor function. Moreover, for the Coulomb
case q(x) = qo/z, Kurasov and Luger [24] proved that in fact k = k; (see also
[T1], where the case ¢ = 0 was treated). Our approach from [20] applied to (I.1))
with potential g(z) satisfying shows that there is a choice of fundamental
solutions such that the singular Weyl function is in N2° with £ < [H1]. Here
[] = min{n € Z|n > z} is the ceil function. However, if ¢(z) it not analytic (at
least near x = 0) there is no natural choice since the Frobenius method breaks
down in this case. It is the aim of the present paper to give a characterization of
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the fundamental solutions which lead to a singular Weyl function in NZ° thereby
extending the results from [I4] and [24] to the class (1.2]).
Our approach is based on two main ingredients:

(i) a detailed analysis of solution of the underlying differential equation and
(ii) the theory of super singular perturbations [3], [6], [7], [8], [9], [11], [23],
[28] (see also Appendix |C)).

More precisely, in Section [3| we show that for [ > —% real entire solutions ¢(z, x)
and 6(z,x) can be chosen to satisfy the following ”asymptotic normalization” at

z =0 (Lemma [3.2)
(1.5)

z,x) =2ttt o Z,T) = x_l(ﬁ+0(1))v l>—%7 -
Pz, x) = (1+0(1)), 6(z,2)= {—x1/210g($)(1—|—0(1))’ I 1 — 0.

27

Note that, while the first solution ¢(z, ) is unique under this normalization, the

second solution 6(z, ) is not, since for any entire f(z) the new solution 6(z,z) =
0(z,z) + f(2)¢(z,x) also satisfies (1.5). So, we need an additional normalization
assumption for 6(z,z). To this end we show that there is a Frobenius type repre-
sentation for ¢(z,x) and 6(z,z) (see Lemmas and and the corresponding
normalization is given in Definition (see also Corollary [3.13): we will call 6 a

Frobenius type solution if
] (nl+1) — —
(1.6) ilirb W, (0 (2),0(20)) =0, ny = [l +1/2],

where W, (f,g) = f(x)g'(x) — f'(x)g(x) is the usual Wronskian. Note that such
a 0(z,z) always exists since by item (vi) of Corollary this limit exists and is
a real entire function in z (let us denote it by F(¥1(z)). Therefore, 6(z,z) =
0(z,2) — F(2)¢(z, x) satisfies the above assumption.

Furthermore, the Frobenius type representation of the fundamental solutions
enables us to apply the theory of super singular perturbations. The connection
between the Weyl-Titchmarsh theory for Sturm-Liouville operators and the theory
of singular perturbations is well known and goes back to the pioneering work of
Mark Krein on extension theory (see, e.g., [29]). Thus, in the regular case | = 0
and ¢ € L'(0,1), the Weyl-Titchmarsh function, which corresponds to Neumann
boundary condition at x = 0, can be considered as a @-function of the operator H,

mn(z) = (6’ (H — Z)_l(S)L2 .,z €p(H),

where § is the Dirac delta distribution and the inner product is understood as a
pairing between WH2(R,) and W~12(Ry) (for the details see Example and
also [29, §1.6]).

To introduce the Q-function for H in the case [ > %, i.e., in the limit point case
at « = 0, one needs the theory of super singular perturbations [3], [7], [8], [9], [23],
[28]. Moreover, it was first observed in [II], [24] that this @Q-function is closely
connected with the singular m-function (note that in [6] Derkach introduced
the singular m-function for Laguerre operators). For instance (see also Section
below), for ¢ = 0, it is shown [I1], [24] that the (maximal) self-adjoint operator H,
associated with 7;, 7, := 7 if ¢ = 0, can be realized as an $_,,,_s-perturbation and
one of the corresponding Weyl functions M;(z) is given by below. Also, in

this case M; € N7, where r; = L% + %J Moreover, the perturbation element ¢ is
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2l+1

o1 == (H) —2)¢1(z, 2), where ¢y(x, 2) = T i 7 (—2) ™

is an [$)_n,, H—(n,+2)] continuation of H;. Here HY denotes the Hankel function
of order v of the first kind.

Lemmas [3.6] and [3.8] enable us to extend the above scheme to general Bessel
operators with potentials satisfying (|1 Namely, Lemmas E and |3 E allow us to
conclude that the solution ¢ (z, x) deﬁned by (L.4)) and (1.5)) satisfies

(L7) 95'(z,2) = ml(H — 2) "4(z,2) € LQ(R+)7 35’ " (z,2) ¢ L*(0,1).
Therefore, setting

le(i)l (iz\/=2), and H;

= (H— i>¢(i,$) € 57)72(m+1) \5*21‘%1’
we can introduce the Q-function M (z) for the operator H via f. In
Sectionwe will then show that the singular Weyl function and the Q-function
M are connected by the following relation
M(z) = M(z) + G(2),

where the function G(2) is entire (Theorem [4.5). Moreover, we show that G(z) is
a real polynomial of order at most 2x; + 1 if #(z,x) is a Frobenius type solution,
that is, 6(z, ) satisfies condition (L.6).

To conclude, we briefly describe the content of the paper. In Section [2| we con-
sider the unperturbed Bessel operator. The next section deals with the properties
of a fundamental system of solutions, which are entire with respect to the energy
parameter. In particular, we prove a Frobenius type representation for the funda-
mental solutions. In Section [l we prove our main result, Theorem

Appendix [A] contains necessary information on Hardy type inequalities, which we
need in Section[3] We also collect necessary information on generalized Nevanlinna
functions and the theory of super singular perturbations in Appendices [B] and [C]
respectively.

2. AN EXAMPLE

We begin our investigations by discussing the prototypical example: The spher-
ical Schrodinger equation given by

2 1(l+1) 1
i > __
de—&— R x € (0,+00), 1> 5
with the usual boundary condition at z = 0 (for [ € [-1, 1))
(2.2) lim 2! (1 + 1)/ (2) — 2 f/(2)) =
z—
Two linearly independent solutions of the underlying differential equation

(2.3) —u(x) + W+ u(z) = zu(x)

22
are given by

@Y aGn =0 [T, O

(2.5)
1 /X {Sm((H_W 717,(fx) l"‘%ERJr\NOv
V2 iy (Vae) - Llog(2)di 3 (VER), 1+ 4 € N,

(2.1) H =

01(z,x) = — Oy
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where J; 1 and Y1 are the usual Bessel and Neumann functions [I]. All branch
cuts are chosen along the negative real axis unless explicitly stated otherwise. If [
is an integer they of course reduce to spherical Bessel and Neumann functions and
can be expressed in terms of trigonometric functions (cf. e.g. [1], [30, Sect. 10.4])

Using the power series for the Bessel and Neumann functions one verifies that
they have the form

kax

2.6 z,x) = atl c? = ,
( ) d) Z Uk 4k(l+ %)k
(2.7)
§ Cise [+1eR,\N
AFT 5 2 +\ No,
] n;—1 of 2k log (/2 oo C«i: . 22k
01(z,x) = ¢ 2041 > Tt - 4l(gn(l /13' kz 2t
= =ny
. kac 1
+ Z ) ’ l+ 5 € N,
k= =Ny
where n; = |l + 3] and
(2.8)
i, 1+ 1¢N k+1 1
cf, = FEEDE 2 ¥ 20 Cip = (1 )N/)( +1)+ ok —n+1)
B b=l A AR

and () is the psi-function [I} (6.3.2)]. Here we have used the Pochhammer symbol
I'(z+j)
INCON

In particular, both functions are entire with respect to z and according to [Il
(9.1.16)] their Wronskian is given by

(2.10) W(bi(2), du(2)) =

Moreover, on (0,00) and I > —1/2 we have

1) lea) = i(esw) + M) ) = 100 [ (/2 ) v/ o)

with

(2.9) (@)o=1, (@)j=z@+1)--(z+j-1)=

—C? 1 1
m( 2z, 145 e R\ N, C - VT

(2.12) M(z) = )
—CL L l+y log(—z), 1+ % € Ny, i+ %)2l+1

where all branch cuts are chosen along the negative real axis and Hl( +)1 /2( z) =
Jix1/2(2) +1Yi41/2(2) is the Hankel functions of the first kind. The associated

spectral measure is given by

dX 1
(2.13) dpi(N) = Cixoe) WA, 12—,

™
and the associated spectral transformation is just the usual Hankel transform. Fur-
thermore, one infers that M;(z) is in the generalized Nevanlinna class N2° with

= |1/2+3/4).
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For more information we refer to Section 4 of [I5], to [12], where the limit circle
case | € [—1/2,1/2) is considered, and to Section 5 of [I4], where the Coulomb
Hamiltonian H; — a/x is worked out (see also [T1], [24]).

3. ASYMPTOTICS OF SOLUTIONS

3.1. General results. The main object of the following sections is the perturbed
Bessel differential expression (|1.1)). In order to avoid cumbersome case distinctions

we will exclude the special case | = —% most of the time. Since the operator is
limit circle for [ € [—4, 1) this case is of no interest to us.

We begin with the following preliminary result (see [I9, Lemma 2.2]).

Lemma 3.1. Abbreviate §(z) = q(z) for | > —3 and §(z) = (1 — log(z))q(z) for
I =—1. Assume that zq(x) € L'(0,1). Then there is a solution ¢(z,x) of Tu = zu
which is entire with respect to z and satisfies the integral equation

(3.) 0e.) = u(zs2) + [ Gt ey
where
(3'2) Gl(za z, y) = ¢l(z’ x)el(zv y) - ¢l(zv y)el(zv l‘)

is the Green function of the initial value problem. Moreover, this solution satisfies
the estimate

I+1 - _
(3.3) |¢<z,x>—¢z<z,x>|<c<x) Jim () / y1q)|

L+ [ 22 L+ o772y

The derivative is given by

x

(3.4 ¥ ) =difz) + [ oG a)aw)ol vy

0
and satisfies the estimate

! x -
3.5 / ot <C € |Im(zl/2)|7;/ qu(y)‘ du.
( ) ‘QS (Z,l’) ¢I(Z,$)| = (1+|Z|1/2£L') e 0 1—|—|z|1/2y Y
The next result plays a key role in the study of solutions ¢(z,z) and 6(z, x).

Lemma 3.2. Letl > —1/2 and xzq(x) € LP(0,1), p € [1,00], orl = —% and either
zq(x) € LP(0,1), p € (1,00, or (1 —log(z))zq(z) € L*(0,1) and p = 1.
Then there exist two linearly independent solutions ¢(z,x) and 6(z,x) of Tu = zu
such that
I+17 %5( ) )7
(36) ¢(Z71') T ¢(Z,33), O(Z,x) —log(z)ml/za(z,x),

é(2,0) = 0(z,0) = 1, where
(3.7)

(
d(z,.) e WHP(0,1), pe [1,00], 0(z,.) € { Who(
1

and, moreover, forl > —1/2,

(3.8) lim, 2 (z,2) = lim 26 (z,2) =0, and lim W,(0(z),6(C)) = 1.

x—0 x—0
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The functions ¢(z,x) and 0(z,x) can be chosen entire with respect to z and 5,56
C(C x [0,1]). Here WP(0,1) denotes the usual Sobolev space consisting of all
absolutely continuous functions whose derivative is in LP(0,1).

I:Iote: The re?triction on p in (3.7) in the case _71 <1 <0 should be understood
as 0(z,.) € WP for any p < min(p, g—ll) since LP(0,1) C L?(0,1).
Proof. Without loss of generality we assume z = 0 and we abbreviate §(z) =
xzq(x) € LP. We begin by making the ansatz

6(z) = aHHels Wy

such that ¢ solves 7¢ = 0 if and only if w solves the Riccati equation

w' (@) +w(@)? + 2T D) = g(a).

T
Now introduce (cf. Appendix [A))
O

0
and write
w(z) = c(w)(Kag1(c™'9))(2)
for some continuous positive function ¢ to be determined. Then w will satisfy our
Riccati equation if ¢ solves the integral equation

o) =1~ [ () (Ko () )y = (Ac)(a).
For I > —1/2, implies
Qx) = Ko (1)) € L2(0,a) € L'(0,a)

and we can choose a so small that L = 15 foa Q(y)dy < 1. Then, if we consider the
ball By /(1) of radius 1/2 around the constant function 1 in C0,a] we obtain

A7 =1l < [ 1A Qi < [ 12000y < 5. 1€ Bual)

Similarly,

jar - gl = | [ WP (o (D)) — 90 Ko (g™ D)) )| <

@ 9
| (317 = sll20) + 415 = 51 )y < 117 gl
and thus we get existence of a solution ¢ € By /2(1) by the contraction principle. In
summary, w € L?(0,a) and ¢(x) = 2!t ¢(z) with
qz(x) — oJo wwdy o W (0, q)

as desired. To see that ¢/(x) = o(z~1), observe that ¢;(z,z) has this property (cf.
(2.6)) and then use the estimate (3.5). The case I = —1/2 is similar using (A.23)
instead of (A.10]) in the case p=1.

A second solution of the required type follows from

b(z) = d(x) c(biyy)x%@)(f@mué?))(x), Ke(f) o= o' / Ty )y,

by virtue of (A.16) and (A.17).
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To see that ¢(z, z) and 6(z, z) can be chosen entire, we note that ¢(z, x) coincides
with the entire solution from Lemma up to a constant. Moreover, by [20,

Lemma 8.3] there is a second entire solution 0(z,z) = a(2)0(z,z) + B(2)d(z, z).
Since 1 = W(0(2), p(2)) = a(2)W (0(2), $(2)) = a(2), we see that 0(z, z) = 0(z, z)+
B(2)¢(z) and since 0(z,z) 4+ B(2)d(z, ) has the same asymptotic properties near
x = 0, we are done. O

Remark 3.3.

e Clearly we have ¢(z,.),0(z,.) € AC2.(0,1) (see also C’orollary below).

e The Coulomb case q(x) = x~* shows that for | = 0 and p = oo the
derivative of the solution 6(0,x) can have a logarithmic singularity and
thus is not bounded in general.

e The result shows that any operator associated with and defined on
L?(0,1) is nonoscillatory and thus is bounded from below with purely dis-
crete spectrum (cf. [19, Thm. 2.4]).

Corollary 3.4. Letl > —1/2 and zq(z) € LP(0,1), p € [1,00]. The derivatives of
the solutions from the previous lemma have the form

-1

(3.9) ¢'(z,x) = xlg(z,x), 0 (z,x) = ;l n 15(2,35), a(z,O) =[+1, é\(z,O) =,
where
(3.10)

b(z,.) € W(0,1), pe [1,00], 6(z,.) € WHP(0,1), p € {

Proof. This follows from the previous lemma using ¢(z, z) = (I+1)p(z, 2)+2¢' (2, )
together with the differential equation

29" (z,2) = =201+ 1)¢'(z,2) + 2(q(w) — 2)(2,7)

which implies gg’(z,x) = —1¢/(z,x) + x(q(x) — 2)P(z,2) € LP(0,1).
The calculation for 6 is similar. O

Remark 3.5. Let us note that existence of a fundamental system of solutions
satisfying (3.6) and (3.9) was first established by Bocher [d, see also [26].

3.2. Series representation of ¢(z,z). Lemma provides the asymptotics of
solutions at a singular endpoint z = 0. However, this information is insufficient for
our needs. The main aim of this and the following subsections is to prove Frobenius
type representations for the entire solutions ¢(z,x) and 6(z,z). Throughout this
section it will be convenient to abbreviate

(3.11) A
[1,54), S <i<o.
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Lemma 3.6. Assume that | > —1/2 and xzq(x) € LP(0,1) for some p € I;. Then
the solution ¢(z,x) admits the representation

(3.12) o(z,x) —lezx ¢k ZO’ (z — 2)¥,

(3.13) (z,x) —xlzx ¢k ZO’ (z — 20)",

where

(3.14) (20, ), $k(zo,-)€W1’p(071)a

with

3.15) (20,00 =C? . & 112k, of = U
(315)  0u(20,0) = G, d(20,0) = (I + 1+ 2K)Cy, Oy = oy

and (x); the Pochhammer symbol.
Moreover, for any zg € C and k € Ny

. 7 .
(3.16) PL% ¢y, (z0,x) = 0.
The proof of this lemma is based on the following result.

Lemma 3.7. Let | > —1/2 and zq(z) € L?(0,1) for some p € I;. Assume that
gr(r) = 12k G () with k > —1 and g, € WYP(0,1) (with k > f% and gy, €
LP(0,1), p € [1,00]). Then the solution of the following inhomogeneous problem

N — () _
(T Z)fk 9k ’}_1_>H10x fk(x) 03
is given by
xl+l+2(k+1)fk($)
4k+1)(I+k+3/2)
where f1,(0) = §x(0). Moreover,
l+2(k+1)f (1‘)
3.18)  fi(x) = ——— k
B18) i) =~ Das k372
where f,(0) = (I + 1+ 2(k 4+ 1))§x(0) and lim, oz f}(z) = 0. If, additionally,
lim, 0 2§, (z) = 0, then lim,_,o  f](z) = 0.

(3.17)  fulx) = — fr € WHP(0,1) (fx € LP(0,1)),

fr e WhP(0,1) (fi € LP(0,1)),

Proof. Observe that f; admits the representation
fi(@) = e10(z,2) + c26(2, @) + (Gog1) (),

where
(Gog)() = b(z, 2) / " 0oz, y)dy — oz, ) / " e )0z, y)dy
0 0
pl1H20k41) e ~ s
(3~19) = W (9(2?’x)(’CQ(HkH)(Qk(b))(x) - ¢(Z7$)(’C2k+1(9k9))(37)) .

Since gr, 6,0 € WHP(0,1) we get = =1=2-+1) (G g, ) (z) € WEP(0,1) by Lemma
Similarly, if g, € LP(0,1), then LemmalA.1|yields 2~/ =1=2*+1(G_g, ) (z) € LP(0,1).
Moreover, the condition lim, oz~ (¢+1) f(z) = 0 implies ¢; = ¢, = 0, that is,
fr = G.gr.
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Next, by (A.11)) we find
] o ~ 1 (gx(0)6(2,0)  §(0)8(z,0)
-1 (I42k+3) N — 9k 5 _ 5
fr(0) = lim Glon =i\ v ohas  okio

_ g (0)
C4k+ DI+ k+3/2)

The claim about the derivatives follows using Corollary and

N plH2(k+1) = =N _
(Go00)' (@) = "y (800 Ko (386)) (@) = 602 2) (Cabr1(318) )

Finally, fi(z) = (I 4+ 1+ 2(k + 1)) fx(z) + 2 f](x) implies lim, oz f}(z) = 0 and
if lim,_,0 2g),(z) = 0, then (A.15)) implies lim,_, 2 f;(z) = 0. This completes the
proof. O
Proof of Lemma[3.6. Since ¢(z,x) is entire in z, we get

k

> pk)
o) = 3 T e 6 aoe) = et

Z2=Zz0

Further, observe that ¢(°)(zg,z) = ¢(20, ) and the derivative ¢(¥)(z,x), k € Ny,
satisfies the following equation

(1= 2)* D (z2) = (k+ 1" (z,2).
Moreover, by Lemma the solution ¢(z,z) admits the representation
¢(z,2) = 2" p(z,2),  (z,.) € WIP(0,1), ¢ € C(C,0,1]).
Due to the Caucily integral formula, 855 € C(C,[0,1]) and by (E(z,O) =1 we
conclude that 9%¢(z,0) = 0, that is,

i —(41) 4 (k) -
ilir%)x " (29,2) = 0.

Using Lemma [3.7] we obtain by induction
¢(k) (ZOa x) = xl+1+2k$k(20a Jf), 5’6(2(07 $) € W17p<0’ 1)7 5k(207 0) = Cl(;?k;a
which finishes the proof if §x € WP, The case ji € L? is similar. a

3.3. Series representation of 0(z,z). The representation of the second solution
is not unique since we can add F'(z)¢(z, ), where F' is an arbitrary real entire func-
tion. However, the singular part of 0(z, z) admits a Frobenius type decomposition.
Namely, the main result of this subsection is the following representation of 0(z, z).

Lemma 3.8. Let | > —1/2 and zq(z) € LP(0,1)for some p € I;. Set n; :=
ll+1/2] and ey =ny — | € (=3, 1]. Then the solution 0(z,z) admits the following
representation

-1 © _2kp
(3.20) 0(z,x) = ;+ : > a Gkk('Zo,l") (z = 20)F + F(2)$(z,7),
k=0 ’
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with, if 1 +1/2 ¢ N,

11
(3.21)
pE Il, k< n,
0x(20,.) € WHP(0,1), p e I, k>mn; ande € (—%,O) orn; =0,
pe N[l 2—;), k>n; and g € |0, %),
~ —1)k
3.22 Bi(20,0) = P = — D"
( ) k)(ZO ) L,k 4k(_l+ %)k
and, if l+1/2=mn; € N,
WhP(0,1), Ok(20,0) =Cfy,  k<m, pel,
(3.23)  Ok(z0,.) € éﬁk log(z) + WLYP(0,1), p<p, k>mny, pe€ ;N(1l,],
Cf log()(1 4 o(1)), k>ng, p=1,
(3.24)

cf = 1 A0 L *Cldjk—nz
PR~k ) TR AT+ 1/2)
and F(2) is a real entire function and any polynomial part of degree up to order n;
could be absorbed in the series.
For the derivative we obtain
-1 2
(3.25) 0 (z,z)

_ kaé\k (20, )
20+ 1 P

o (z— 20)* + F(2)¢' (2, ),

where é\k is of the same nature as 5k with Cﬁk, C’gk replaced by (—1 + 2k)C’£k,
(=l + Zk)CA’le)k, respectively.

Furthermore,
6; N 1+1/2¢N
(3.26) lim 26, (z,2) =0, if kel " +1/2¢N,
z—0 kSnl—l’ l+1/26N
Ifl+1/2 € N and k > ny, then
(3:27) {“mwo o8 (2,0) = .

p € (1,00],
lim,_,q x1+5§§€(2,m) =0,e>0, p=1,k>ny.

To prove this result we need again a preliminary lemma.

Lemma 3.9. Let | > —1/2 and zq(z) € LP(0,1) for some p € I;. Assume that
gr(x) = a7 Tg,

(v) with k > 0 and § € W1P(0,1). Then the solution of the
following inhomogeneous problem

— = 1 ! =
(T Z)fk 9k, 31:1_>H10$ fk(x) 03
is given by the following formulas:
In the case k <[ — % we have

_ @)
(3.28) fule) = _4(k+1)(k—zi1/2)’
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where
pe[lam% l-1<k<l-%,

3.29)  fr € WhP(0,1),
(3:29) Ji ( ){pé[l,oo], k<l—1,

and lim, oz f}(z) = 0.

In the case k =1 — % we have

— P8 g2 w) + 2! fi(w),  fr € WHP(0,1), p e (1,00],
p=1

3.30) fr(x) = - 9L . -
( ) (2) {_gk(g)l-ls-lg( ) pl41 + 2 i (2),  fir = o(log(z)),

If, additionally, lim,_,o zg,(z) = 0, then lim, oz fi(z) = 0 for p € (1,00] and
lim, o z' ™ fi(z) =0, >0, forp=1.
For the derivative we obtain

7171+2(k+1)]ﬁ (:1:)

31 (z) = —— k

(3:31) @) = =i+ 12

where f is of the same type as fi with fr(0) = (=1 + 2(k + 1)) (0).
If gx € LP(0,1) then (3.28), (3.31)) hold with fy, fr € LP(0,1), respectively.

Proof. Observe that f;, admits the representation

fi(@) = 10(z, 2) + c20(2, ) + (G98) (@),

where
1

(G.00@) = :.0) | )6y + 00z 0) [ )0y

L2k e o R o
= iy (00 (Kaka @19)(@) + 92 0) (K191 (3:)(2) )
Since gr, ¢, 60 € WP(0,1) we get 22D (GLgr) (z) € WHP(0,1) in the case k <
— 1 by Lemma Moreover, the condition lim,_,o 2! f(x) = 0 implies ¢; = 0,
that is, fr = cop + G, gk.
Next, by (A.11)) and (A.13) we find

Fu(0) = Tim 224D (g) = — (ék(o)a?(z,O) +§k(0)§(z70)>

20 C2+1 2k + 2 2(1—k) -1
_ 91(0)
Ak+1)(k—-1+1/2)"
The rest follows as in Lemm This completes the proof in the case k < — %
(

In the case k =1 — % use (A.21)) and (|A.22)), which finishes the proof in the case
k=1-— % O

Note that the case k > [ — % is covered by Lemma

Proof of Lemma[3.8 The proof is similar to the proof of Lemma[3.6] First we have
to use Lemma to obtain the coefficients for k < n; (in the case k = n; = 0 use
Lemma . Then we note that by Lemma

9("l+1)(z,x) _ é"l+1(z7m) + G(2)9(z, ), lir%x_l—lénz+1(z7x) =0.
T
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Hence, replacing 6(z,x) — 0(z,2) — F(2)¢(z,x), where F(z) is an entire function
such that F(™+1)(z) = G(z), we see that we can choose G(z) = 0 without loss of
generality. Thus we can assume

lim xil*lﬁ(k)(zo,:c) =0, k>ny

z—0

and continue to determlne the coefficients for & > n; using Lemma[3.7] For the case
l+1/2 =mn; use [A4), (A.5) together with the facts 7Y (p(z,2)—1) € LP(0,1) and
log(z)¢' (z,z) € LP(O 1) for any p < p (recall that functions in W1?(0, 1) are Holder
continuous with exponent v =1 — % for the first claim and Holders inequality for
the second claim).

Concerning in the case p > 1 observe that one can strengthen (3.8) to
read z¢/(z,z) = O(z*~1/?) and 26/ (z,z) = O(z1~1/7). O

Lemma |3.6|shows that the entire solution ¢(z, x) is determined uniquely and has
a Frobenius type form. The solution 6(z,x) also has a Frobenius type form but
it is not unique since we can add F(z)¢(z,x), where F is an arbitrary real entire
function. Our next aim is to fix F'(z) in a suitable way.

Definition 3.10. The solution 0(z, z) is called a Frobenius solution if

(ni+1) 141y 0D

1 — 5 - —

(3.32) F (2) = ilg})a? EREsy 0(z,z) =0,

that is 0(z,x) is a Frobenius solution if and only if the function F(z) in the repre-
sentation (3.20)) is a polynomial of order at most n; := |1+ 1/2].

Remark 3.11. There is another way to define a Frobenius solution: Choose points

20,--.,2n, and let
ny

Lj(z) = H —

=z
k=0, ki = k

be the Lagrange interpolation polynomials. Then one can require that

ny
(3.33) alclg%)W (z,x) Z Li(2)0(z,x)) = F(z) — ZO Li(2)F (=
i=
vanishes. To see this just observe that
ny ny
S L(2)0(5,0) = 0(,2) + | F(2) = S L) F(z) | 6(2,2) + o).
j=0 j=0

In particular, note that for a Frobenius solution we can choose F(z) = 0 in (3.20)
without loss of generality.

Corollary 3.12. Letl > —1/2 and xq(z) € L*(0,1). Let ¢(z,x) and 0(z,z) be the
solutions of Tu = zu constructed in Lemma[3.2. Then for any z,¢ € C:

(i) Wa(0(2), 6()) = 1,
) lim W (0(2),6(0) = 1

)
(iii) lim W (619 (2), $9)(C)) =0, 4,5 € No,
) Jim Wo (00)(2),6(C) =0 if i +5 > 1,
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00, i £ g1+ 7 <nyg,
(v) Tim W, (61 (2),09)(Q)) = q oo, i it =m,ij =0,
(G —CP,CL i+ =miij >0,
7F(Z)(Z)a J=0,
(vi) ifi+j >n;+1, then th (0 )(2),09(¢)) = FU((), =0,
0, ij # 0.

Proof. (i) and (ii). This was already part of Lemma [3.2] (cf. (3.8)).

(74). Observe that, by Lemma 6 ¢ (2, ) = 2T1+2 (2, ), where ¢;(z,.) €
WhP(0,1) satisfies (3.16)).

(iv). By (iii), we can assume without loss of generality that 6 is of Frobenius
type, i.e., F =0 in . Furthermore, by Lemma 09 (z,x) = x_l+2j6~’j(z,x),

where gy(Z, .) is given by (3.21)) or (3.23). Taking into account (3.16) and (3.26)),
(3.27) proves the claim.
(v). Note that

Wa(@™20:(2),a7120;(2)) = 2 = )2 =0 710,(z, )0, (2, )
+ 220w, (6:(2),05(2)).
Since 2(i +j —1) <2(n;—1) =2([1+1/2] = 1) <1, (3.26) and (3.27) complete the
proof of (v).

The proof of (vi) follows from (i7)—(iv) and the representation from Lemma [3.8
]

Corollary 3.13. Let | > —1/2 and zq(x) € L*(0,1). Let 0(z,x) be the solution
of Tu = zu constructed in Lemma . Then 0(z,x) is a Frobenius type solution if
and only if

(3.34) lim W, (0t (2),0(¢)) =0, z¢eC.
r—
Proof. Combining Corollary (vi) with (3.32]), we complete the proof. O

4. SINGULAR m-FUNCTIONS
4.1. Some general facts. Now let us look at perturbations
(4.1) H = H; + q(z)
assuming that the potential g satisfies the following conditions:

Hypothesis H.4.1. Let | € [-3,00). Suppose q € Li (R}) is real-valued such

that 2’
(4.2) zq(x) € L(0,1), I> -1,
. z(1 —log(z))q(x) € I 0,1), 1= _%

Moreover, assume that T = 7 + q is limit point at oco.

Under Hypothesis-the differential equation H = H;+qis limit circle at z = 0
if I € [~2, %) and limit point at z = 0 for [ > %. In particular, H associated with
the boundary conditions at z = 0 (for [ € [-1, 1))
(4.3) lim o' (1 + 1) f(2) — o f'(2)) =

z—0
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is self-adjoint by [19, Thm. 2.4]. See also [5] for a characterization of all possible
boundary conditions in terms of Rellich’s Anfangszahlen.

The results from the previous section also give us information on the associated
scale of spaces. We begin with characterizing the form domain of H.

Lemma 4.2. Suppose Hypothesis[{.1 holds. Assume additionally that H is bounded
from below. The form domain of H is given by

(A
o(A,.)
for any X\ below the spectrum of H. In particular, every f € Q(H) is of the form

(44)  Q(H)={f € L’(Ry)|f € ACRy), —f'+ fel*(Ry)}

const

T

Proof. Consider the operator A = —ﬁ + ¢'(A,.)/o(A,.) which is a closed oper-
ator when defined on the domain given on the right-hand side of (ctf. [30L
Problem 9.2]). Moreover, its adjoint is given by A* = % + &'\ ) /(N ) with
domain

(4.5) fl@)=xf(z),  felL*(0,1), |f(2)|<

(') = {1 € P(RIf € AC(Ry), £+ S5 € L2(R,)

lim f(z)g(z) =0, Vg € D(A)}

x—0,00

and hence one checks H — A\ = A*A. In fact, the only nontrivial part is to identify
the boundary condition at 0 (if any). However, since ¢(),.) is in the domain
of A*A near 0 by construction of A, equality of domain follows. Consequently
N(H) = D(A) finishing the first claim.

To prove the second claim let us consider the solution of the inhomogeneous

equation
¢’ (A ) 2
4.6 — fl(z)+ z) = g(x), x) € L*(0,1).
(1.6 P+ SR 0 =g0). gle) € 20,1
By Lemma ¢(A, x) admits the representation
o\ x) =2 Td(N, ), S\ ) =elo WWW e L1(0,1).
Therefore, ¢’ (A, z)/Pp(\, ) = l+71 + w(x) and hence the solution of (4.6]) is given by

F(@) = c16(\ z) + 2d(\, 1)K, (%) (),

and (A.12) and (A.8) complete the proof. O

Moreover, for the associated scale of spaces we obtain:

Lemma 4.3. Suppose Hypothesis[].1] holds and H is bounded from below. Let $y,
be the scale of spaces associated with H (cf. Appendiz @ Then f € $,, n >0, is
of the form

(4.7) fla)=a"f(z),  feL?(0,1), 0<n<[l+1],

(4.8) flx)=a"""f(x), feL?0,1), 2<n<[l+1].

For n > 1 we have |f(x)] < C"—\th for x € (0,1) and for n > 2 we also have
@) < 22t for z € (0,1).
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Moreover, any function of the form
(4.9) g(z) =a7"g(x),  gla) € L*(0,1), g(z) € L*(1,00),

lies in $_y, for 0 <n < |l+1].
If H is not bounded from below the claim still holds for even n.

Proof. The first part follows from induction using Lemma (resp. Lemma
starting from $o = L?(R, ) for the case of even n and from $; = Q(H) for the case
of odd n. The estimates for f and f follow similarly using , .

To see the second part note that when f;(z) = 2" f;(z) — f(z) = 2" f(z) in 9,
then f;(z) — f(z) in L?(0,1) and fj(z) — f(z) in L?(1,00). The second claim
is obvious and the first follows by inspection of the proof of Lemma [3.9] since the
operators Ky and K, are continuous on L2 (0,1). Hence it is easy to see that the
linear functional f — fR+ g(x) f(z)dz is continuous on £,,. O

Following [15], we define M(-), the singular m-function for 7, by
(4.10) Y(z,7) = 0(z,2) + M(2)¢(z,2) € L*(1,+0), z€Cy,

where ¢ and 6 are the entire solutions from Lemma (3.2

Let us recall some general facts from [20]. First of all, associated with M (z) is
a spectral measure dp(\) and a unitary transform U : L?(R;) — L*(R, dp) which
maps H to multiplication by the independent variable A. Both H and U have
unique extensions to the scale of spaces associated with H (cf. Appendix |C) which
will be denoted by Hand U , respectively. Moreover, recall

(4.11) (H— 2 f(a) = / " Gz y) fy)dy,

where
(4.12) Gz ,y) = {

is the Green function of H.

Lemma 4.4. Assume Hypothesis and let 1(z,.) be the Weyl solution defined
by (4.10). Abbreviate

(4.13) YU (z,2) = dP(z,x),  j € N.

Then 9 (2,.) € H_p,125 \ D—nyr2j01 with ng = 1+ ] and

(4.14) TN = =l 2 C\ath)

In particular,

W9 (z,2) = I(H - 2)(z,2),  jEN,
and the distribution
(4.15) () = (H = 2)(2,2) € D2\ Hni
does not depend on z, (Up)(A) = 1.
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Proof. We begin by observing that Lemma [3.6] and Lemma [3.8] imply

cl. o )
(4.16) 60 (s,2) = 4TI (1 +0(1)), jALI+1/2,

6 )
g2 (log(x) + o(1)), j=1+1/2,

for j < n;. Moreover, choosing f(z) € L?(R;) with compact support in (0,1) we
have

B = -7 5w) = ([ oens) v, w21

Since 1(z,z) and all its z derivatives are in L2(R,) we conclude that v()(z,.) €
L?(1,00). Thus Lemma shows ¢ (z,.) € DoG—ny) \ D2(j—ri+1) for j < ny,

where r; == [ + 2].
Moreover, from [20, Cor. 3.7] we know
4.1 J . = — J . - —
@1T) (VOGN = AASr (V0L Gl () = FE
for every = € (a,b), k € Ny, and every z € C\ o(H). Hence for j > k; we obtain
50) a3t
where

0D (2,2, y) = { im0 (DU Y Wa(0(2), 0 0(:), v >,
o (1)U (2, ) Wa(6(2), v M (2)), y <.
Now for j > k; follows by letting x — 0 using Corollary To see it for
0 < j < x we will show U1 (z) = %(f[ — 2)9U)(z) for 0 < j < k;. Choose
I € 92(s,—j), then
((H =209, 1) = (8902), (H - 2)f)

L2 L2

= lim /00 VD (z,2) (1 — 2) f ()" da

el0
= lim W9 (2), f*) + lim / JUY (2, 2) f(2)*d,

where we have used integration by parts and (7 — 2)9)(z) = j9U~Y(z). Now
alluding to (and the corresponding statement for the = derivative with z=!+2
replaced by ='*2/71) and Lemma we see that the Wronskian vanishes in the
limit and that the second limit exists, that is,

(= 00900.5) = [ 30090 f(0) e

which shows (4.14]).
Finally, to decide if () (z,.) € N20—r) \ H2(j—ry)41 OF PU(z,.) € ND20—r)+1 \
$2(j—ri+1) We consider the following integral

L (2) = / Tz, ) 9 (2, 0)

and recall Y=V (z,.) € H 5\ H and ) (z,.) € Hy \ Hy plus P (z,.) €
L?(1,4+o0) for all j € Ng. Moreover, by (4.16)), we see that I, (z) is finite if

L2
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and only if n; = 2k, — 1. Since ") (z,z) = (H — )" 1" =D (2, 2), the latter
means that (1= (z,.) € H_; \ Ho if and only if n; = 2k; — 1. Otherwise, we get
=D (2,.) € H_5 \ H_1. This completes the proof. O

4.2. Main Theorem. The main aim of this section is to show that the solution
0(z,2) can be chosen such that M(z) belongs to the generalized Nevanlinna class.
To this end, let ¥ (i, ) be the Weyl solution defined by (4.10) and introduce the
function
(4.18)
22 K K — . i _ K — .
S (e, (- ) ) =2 -1,
M{(z) = G0t () (e —1) (5 17 -1 (1 f1) ;
e (0D, (=27 = R)EI0) =2k,
which is well defined for z € C\ o(H) by Lemma@ Here R := Re((f[ —i)71) =
%((ﬁ —i)7 1+ (fI—i—i)_l) and the inner product in (4.18) is understood as a pairing
between $H_; and $71 or between $H_o and ﬁgirespectively. In the case n; = k; =0
(ie., I < 1), one has to set Y("V(z) = ¢ = (H — 2)(2).

Clearly, M (z) is a generalized Nevanlinna function and M e Ny,. Moreover, by

Lemma [£.4]
(1 + 2’2)'{’ / ! 76&)()\) , ng =2k — 1,

| A dp(\)
1 2\K] _ -9
(1427 A(A—z 1+v>a+x%m’"l gk

where p is the spectral measure satisfying

dp(A)
(4.20) /RW < 00.

Moreover, by Lemma and (4.15)), the representation (4.18]) yields the following
estimate for the measure

dp(N) dp(N)
(4.21) Lty < oy =

Also, for the singular m-function M(z) and the entire function F(z) given in
Lemma let us define the polynomials Pys(z) and Pr(z) of order at most ny
by

(422) Py(=) = Py, PO = f90), je{0.. (G} fe{MF}

With this notation our main result reads as follows:

Theorem 4.5. Assume Hypothesis , Let the functions M(z) and M(z) be de-
fined by (4.10) and (4.18)), respectively. Then

(4.23) M(z) = M(z) + Pu(z) + G(2), z2€C\ p(H),

where G(z) = F(z) — Pp(z) and F(z) is the entire function given in Lemma 3.8
The singular m-function M (z) is a generalized Nevanlinna function from the

class NZ¥ with r; = |t + 2] if and only if F(z) is a real polynomial Z;,n:o Ay 2™

such that m = 2k, +1 and ap, > 0. In particular, M € NZ° if 0(z,x) is a Frobenius

type solution.

The corresponding spectral measure dp is given by (4.19) and satisfies (4.21)).
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In order to prove this theorem we will distinguish the cases when n; is even
and odd. Moreover, to make the proof more transparent we will show the first
cases n; = 1 and n; = 2 separately. The case n; = 0 already follows from [20,
Appendix A] and will thus not be considered here.

4.2.1. Step 1. The case n; = 1. First, observe that x; = 1 since | € [1/2,3/2).
Therefore, by Lemma [44]

(4.24) U(z,.) €H-1\Ho,  2€C\o(H).
The latter enables us to introduce the function M (2) by (4.18). Thus we get
(4.25) M(2) = (=2 +1) (v(). (H - 2)7w() -

Lemma 4.6. Let ! € [1/2,3/2) and assume Hypothesis . Let the functions M
and M be defined by (4.10) and (4.25)), respectively. Then

(4.26) M(z) = M(z) +ImM(i) - z + ReM (i) + G(2),  z€C\o(H),

where the function G is entire. Moreover, G(z) = F(z) —ImF(i)-z—ReF (i), where
the function F(z) is given by (3.20]).

Proof. Consider the following function for x > 0
(4.27) Qi(z,7) := (2> +1) /ﬂo ((H — 2)7 (i, 1)) (i, t)*dt.
Note that, the definition of Q(z, z) is correct and
(4.28) lim Q1(z,2) = M(z).
Furthermore, by Lemma
Y(z2) —d(i,@) = (z = )(H - 2) "9, 2),

and hence we get

+oo
Qi(z.2) = (2 +1) / (2 t) — (0, ) (i, 1) dt =

+oo —+oo

=) [ WU = (D) | 0uG.n°dr
= WL (02, 0)7) + o W), ()
= W, (4(2) - S0, ¥(-).

Therefore, by

(4:29) M(2) = — lim W, (0(2) — 2006) ().

Using the definition of ¥(z,z), we obtain
Wz(¢(z),¢(*i)) W (0(2),0(—1)) + M(2) M (=)W (¢(2), (1))
+ M(2)Wa((2), 0(—1)) + M (=)W (0(2), 6(—1)).
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Combining (4.29)) with the last equality and using Corollary (ii)—(iii), we finally
get

(4.30) M(z) = limy_0 Q1 (2, ) = M(z) — ImM(i) - z — ReM (i)
im0 W, (9(z) — =Hg() | 9(_1)).
Further, setting zo = —i in (3.20) we get the following representation of 8(z, ),

0(z,x) = Op(—i,2) + 01 (-1, z)(z +1) + @(z +1)2 + F(2)¢(z, x),

0j(z,x) = x_l+2j§j(z,x), j€{0,1,2}.
Using this representation and noting that lim,_,o W, (62(2),8(—1)) = 0, we see that
the limit in exists and is an entire function in z. Therefore, setting
z+i
2
we have proven the claim. O

(431) G(2) =~ lim W, (6‘(2) 0(i) , 9(4)) = F(2) —ImF(i) - = — ReF (i),

Proof of Theorem[{.] in the case n; = 1. The first part is contained in Lemmal[4.6
Further, combining (4.19), (4:21)), ([4.26)), and (4.31)), by Theorem B.1]we see that
M € N7* if and only if the function G defined , and hence the function
F, is a polynomial satisfying with K = 1.
By Definition 6(z, ) is a Frobenius type solution if F is a linear function
and hence in this case M € Ny°. O

4.2.2. Step 2. The case n; = 2. Since | € [3/2,5/2) we get x; = 1. Furthermore,
by Lemma [£.4]
U(z,2) €H-2\H-1, z€C\o(H),
and in this case (4.18) takes the form
(4.32) M(z) = (2 4+ 1) (), (= 27 = R)¥(0)

L2
Note also that M(z) € N (cf. [@.19), (#.21)) and Theorem [B.1).
Lemma 4.7. Let | € [3/2,5/2) and assume Hypothesis[{.1l Let the functions M
and M be defined by (4.10) and (4.32)), respectively. Then
~ ImM (i
M(z) = M(z) +ImM(i) - z + ReM (i) + mT(l)(z2 +1)+G(z), ze€C\o(H),
where the function G is entire. Moreover,

2241

G(z) = F(2) —ImF(i) - z — ReF(i) — ImE (i),

where F(z) is given in Lemma[3.8

Proof. For x > 0, consider the function
+oo

Qaleo)i= (1) [ (U =27 = R)wGi. )Gt

x

Note that the definition of Q2(z,x) is correct and, moreover,

(4.33) lim Qa(z,2) = M(z).
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Furthermore,
Q2(z,2) = Q1(2,2) — (22 + D)Ra(z),
where Q1(z,x) is given by and
+o0 too
Raa) i= [ (ReG0)0(i.0dt=Re [ (=1 1G0)uG, 0"

Feo i i
— Re B0, )(i, 1) dt = —Re W;(% + %,u}(q))
= Re W, (U () = L W (90) w().

Noting that

- Wm(0(1)7 6‘(_1)) + M(I)Wz(¢(l)7 9(_1)) + M(l)Wm(¢(l)7 9(_i>)
+ M(=)Wa(0(), p(—1)) + [ME)*Wa (1), ¢(—1)) + MG)M (i) Wa(8(1), 6(—1)),

and using Corollary we get

—_~— 22 .
(434)  M(2) = lim Qa(z,) = lim (Ql(z,x) 4 ;DIm W, (w(i),w(—i)))
=M(z) —ImM(i) - 2 — ReM (i) — %(2’2 +1)
Z241i . 2241

~ lim W, (9(2) - 206) - Tm (6(1)) , 9(—1)).

Noting that 6 (i,2) = 0 (—i,2)* and using with zp = —i, we obtain
. )G, 2) — O(—i,z)  0(,2) —b1(—i,2) — (F(=i)o(—i,z))
T (65, 2)) = 212 ;( 2) _ 0, 2) — 0 )2i (F(=0)(-i, )
= 0a(—i,2) - 205i,2) + I ((F()e (i, @) ) .

Finally, using Corollary [3.12] we get after a straightforward calculation

M(z) = M(z) —ImM(i) - z — ReM (i) — %(22 +1)
+ F(z) — ImF(i) - z — ReF (i) — il L ima7(0).

O

Proof of Theorem[{.5 in the case n; = 2. The first part is contained in Lemma

Further, using Lemma [4.7| and (4.19)—(4.21)), by Theorem we see that M (z)
is an Nj-function if and only if F(z) is a polynomial satisfying (B.7) with x = 1.
In particular, M € N; if 8(z,x) is a Frobenius type solution. |

4.2.3. Step 3. The case n; = 2k + 1, k € N. Assume that [ € [2k + 1/2,2k + 3/2)
for some fixed k € N. Note that in this case r; = |£ + 2] = k + 1. Furthermore,
by Lemma 4.4

Y(z,2) €H k-1 \ N2k, 2z€C\o(H),

and
(4.35) PO (i,2) == 0, z) = j!(ﬁ — 1) (i, 2) € H_ok_142j \ H_okt2;-
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In this case, (4.18) takes the form

N - k1
(4.36) M(z) = DT (5000, (1 — 160

Observe that M(z) is analytic in C\ ¢(H) and, moreover, M € Nge.

To proceed further we need the following formula
k

(4.37) (z =) (H = 2) " (H = i) (i, 2) = ¢lz,0) = Y (2 =) (H -

=0

Combining (4.37)) with (4.35]), we can rewrite (4.36]) as follows

M(z) = (Z+l)k+1(¢( (i ) ZZ/)O ])

As in the previous subsections, we set

s L)L oo k@
(4.38) Qn(z,2):= %/ (w(z,x) - Z L4
! - =

Note that
(4.39) M(z) = alg% Qn, (2, ).

Furthermore, for j € {0,...,k} consider the following functions

)77 (i, 2)

2—1) >¢(k)(1 t)*dt.

(140)  Qui(z,0) = 7 / TUO ) YO A Quy(20) = 02Qu ol ).

Thus we get

N Qu (7)o
(4.41) Quu () = (2 ) (Quuo(z,0) = 32 42— 1)),
=0 '

We begin with the function @y, o(z, x). Clearly, we get

@m@m:%/ U(z,t) PP (i, ) dt
1 ok

1
:WM&/¢“t “ﬁklzkm@”@@%@
¥(2) PO
(4.42) ——Wx((z+i)k+l,J_§_Oj G ).

Moreover, using Corollary [3.12] we obtain
90 (i .
oy, (ME0E) $~ 000y i

N (= + )R

o Z+i)k+1 ’ j=0 ‘7! =0
. M(z QS z k qu (J) —1 o
i%Wx(W7 Z()j!()(z+l))—0-

=0

z—()‘g:—i

k j k j
thm((ﬂZ) ZM2+1 ) ZM() (2 1 1)~ 04D,
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Setting
(4.43) O(z,z) =W, (& zk: 000 i)
| A=Wy &
and using (4.10]), by Corollary we obtain
k N
) 1 MU () N
(L44) limy (Quo(2,2) = O(2,9) = e (a2 - ;0 ) ).
On the other hand, by Lemma [3.8| we get
o (PR FF@0) O () (FOD ()
@(z,x)me( CEEE ; ; i (z+1) )
> g, (i i M2, (— N
sz(Ziﬂ ( )(z+1) (k41 Zj!]( )(z+1)])
i=0 j=0
k
1 FU) (=) .
_ _ Y
(z 4 1)k+1 (F(Z) Jz::o 3! (z+1) )
—142i (_ kop—l42ig.(— ~
w3 Ty S Ty - P
i=k+1 v 7=0 J:

S CRD R (65 (1), 09 () — F (),

. " T
ey (i+ k4 1)ly!

where

Let us denote

(z41i)* k1), o (), -
D D o e ik G )
i,7:0+5<

Note that ©p(z, x) is a polynomial in z of order at most k. Therefore,

k ) (3 k ore
0(,a) ~ 3 LD (kg0 - 3T OEED (g

j=0 J: j=0 J:

ko 200) s ko 200) s
- FU (i N - FU (i N
(4.46) —F(z)—i-z j!()(z—1)3 = —F(z)—i-z j!()(z—l)J.
j=0 =0
Noting that Q,, ;j(z,7) = d1Qu, 0(2,z), by and , we get
. o .

z=i

4!

o[ Mz 1 M MO (—i N
(448)  M;(0) =55 ((z+§)’z“ C (z i)k 2 ] )(z+ I)J)
=0
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Observe that for arbitrary real entire function f (z) the function

Fe) = =+ (1(2) Z P vip)

is real and entire. Furthermore, the function

(= + )"+ (F(2) Zf” 2+ 1)) = £(2) = Pr(2)

is also real and entire. Here Pf is a real polynomial of order at most 2k + 1.
Moreover, since z = =i is a zero of order at least k + 1, the polynomial Py satisfies

(4.49) Pi(z*) = P(2)*,  PP() = f9(0), je{0,....k}.
Combining (4.39) with (4.40)), (4.41), (4.44), and (4.46))—(4.48) we finally get

YT k1 . : an,j(iM?) Y
M (2) = lim (= + )"+ (Qn, (2, 2) Z—j! (=)

- e+ (000 - 3 )
(e (o) 3 0 p)

= M(z2) = Pu(z2) = (F (Z) Pp(z2)),
where Pf(z) is a polynomial of order n; = 2k + 1 satisfying (4 . Thus, we proved
the following result.

Lemma 4.8. Let | € 2k + 1/2,2k + 3/2) and assume Hypothesis [{.1 Let the
functions M and M be defined by (4.10) and (4.36)), respectively. Then

(4.50) M(z) = M(z) + Py (2) + G(z), z€C\o(H),

where the function G is entire. Moreover, G(z) = F(z) — Pr(z), where the function
F is given in Lemma and Py(z) is a polynomial of order ny = 2k + 1 satisfying
(#.29).

Proof of Theorem[].5 in the case ny =2k +1, k € N. By Lemma[d.8and (B.7), M(z)

is an NZ°-function if and only if F(z) = E;” 0 @mz™ with either m < 2x; or

m = 2k; + 1 with a,, > 0.
In particular, M(z) € N,, if 6(z,z) is a Frobenius type solution. O

4.2.4. Step 4. The case n; = 2k+2, k € N. Finally, assume that [ € [2k+3/2, 2k +
5/2) for some fixed k& € N. Note that in this case ; = [L + 3] = k+ 1. By

Lemma [£.4]
V(z,.) € Do) \H-2c-1, 2€C\o(H)
and (4.18)) takes the form

22 k+1 ~
L%%LL@MW%«H_QA_RWWm)

Observe that M(z) is analytic in C \ o(H) and, moreover, M e Ng».

(4.51) M(z) =
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As in the previous subsections, we set
(22 + 1)k+1

(452 Qulz2):= "0 /OO (((ﬁ — )t - R)pM, t))¢<‘k>(i, t)dt

Note that
(4.53) M(z) = il_r)% Qn, (2, 2).
Observe that
in (Z,l') = an—l(zvz) - (Z2 + 1)k+1RC(Q”l—1(17T’)>

= Qu1(z,2) — (2 + 1)Re( / RICE t)¢<k>(i,t)dt).

Arguing as in the previous subsection and using Corollary with the represen-
tations from Lemmas[3.6] and after straightforward calculation we arrive at the
following relation

(4.54) M(z) = M(2) — Pa(2) — (F(2) — Pp(2)),

where F' is a real entire function from Lemma and Py is a real polynomial of
order at most n; = 2k + 2 such that

(4.55) PP = f930),  je{0,... . k+1}.
Thus we proved the following result.

Lemma 4.9. Let | € 2k + 3/2,2k + 5/2) and assume Hypothesis [{.1 Let the
functions M and M be defined by (4.10) and (4.51), respectively. Then

(4.56) M(z) = M(z) + Py(2) + G(z), z€Cy,

where the function G is entire. Moreover, G(z) = F(z)— Pr(z), where the function
F is given in Lemma- 3.8 and Py (z) is a real polynomial of order at most n; = 2k+2

satisfying -

Proof of Theorem[[. in the case n; = 2k + 2, k € N. The first part is contained in
Lemma

Further, by Lemma and (B.7), M(2) is an N2°-function if and only if F(z) =
Z;-n:o am 2™ satisfies the conditions with Kk = k;.

In particular, M(z) € N,, if 6(z,z) is a Frobenius type solution. O

APPENDIX A. HARDY INEQUALITY

Let [ > —1. Define kernels

—(l4+1),,1 <
T Yy, Yy,
Al Ki(z,y) :=
(A1) (@) {07 e
and associated integral operators
1 x
(A.2) (Kaf) (o / Kilw.o) f)dy = 5 [ o7 )y,
z 0

(A.3) IClg / Ki(z,y)g dx*y/ e~ () d.
y
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First of all we will need the following elementary facts:

(A.4) illog)(a) = 2 - s
and
(A.5) Ki(log)(z) = logl() zlz 1> 0.

Furthermore, by Theorem 319 of [17] the following inequalities hold
(A.6) 1K fllp < TIfllp, f € L2(0, 00),

p(l + 1)

A. A L
(A7) IKiglly < < laller g € L0.50),
for p € (1,00), % % =1land ({+ 1)p > 1 (resp. lg > —1). Moreover, Holder’s
inequality implies
A K o 1>

. < =
(A.8) [(Kif) ()] < (1+lq)1/q||f||p> >y
A9 K g 1>

. G A — "

Lemma A.1. Let a > 0 and !l > —1. The operator K; is a bounded operator in
L?(0,a) satisfying

(A.10) 1K fllp < TIF 1, f € L0, a),

p(l + 1)
for any p € (H%l,oo] if =1 <1 <0 and any p € [1,00] if I > 0. Moreover, if
f € Cl0,a], then Ki(f) € C[0,a] with

: _ [f(0)
(A11) tim K () () = 00,

Similarly, the operator K, is a bounded operator in LP(0,a) satisfying
A2 ( r»
(A12) IK1fl < 2l £ € 27(0,0),
for any p € [1, _—)zf 1<1<0andanyp € [1,00] if Il > 0. Moreover, if Il > 0
and f € C[0,a], then K;(f) € C[0,a] with

(A.13) tim K () () = £

Proof. Equation follows from except for the boundary cases. The case
p = oo is trivial. For the case p =1 if I > 0 consider bounded functions (which are
dense) and take the limit p — 1 in . Finally, follows from 1'Hopital’s
rule. Equation is proven similar. (I

Moreover, we will also need the case of Sobolev spaces W1?(0,a). Recall that
the norm of f € WP is defined by || fllwie = |fllze + || f |lze-

Lemma A.2. Leta > 0 andl > —1. The operator K; is a bounded operator in
WLr(0,a) viz.

(A.14) IKifllwiw < Cillfllwre,  f € WHP(0,a),
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for any p € [1,00]. Moreover,

(A.15) ;iL%x(Ile)’(x) =7 ! lim 2 f' ()

+ 1 z—0

whenever the limit on the right-hand side exists.
Similarly, the operator K; is bounded in WP (0,a) viz.

(A.16) IKifllwre < Cillflwrw,  f€WHP(0,a),
for any p € [1, %_l) if0<1<1and anyp € [1,00] if | > 1. Moreover,
- 1
(A.17) lim (K, f) (z) = = lim 2 f'(z)
x—0 [ z—0
whenever the limit on the right-hand side exists.

Proof. Integrating by parts,

K@) = gy (F@ = [ way )
we get
(A.18) (Kif) (@) = (Kigrf') (@)

and the first claim follows from (A.10]). Equation (A.15) follows again from I"'Hopital’s
rule.
The second part is similar using

(A.19) (Kif)'(z) = (Kima f') ().

Concerning [ = 0, we note

(A2 (Ko = [

a

"y Fy)dy = —£(0) log(w/a) + [ o0y

and hence, by (A.10), the operator
(A.21) (Kof)() := (Ko)(x) + f(0) log(z)
is bounded on W1?(0,a) for p € (1, 00]. Moreover,
(A.22) lim (Ko f)'(z) = —£(0).
To cover also the case p = 1 we note
(A2) WDl < U Kel)i= 5 [ T

This follows from the next lemma upon choosing I(z) = 1 — log(z/a).

Lemma A.3. Let I(z) € AC(0,a] with I'(z) <0 and (w.l.o.g.) I(a) = 1. Consider
(ki) = ~1'@) [ 1ay, jerio.).
o 1(y)

Then

1K (Ol < £
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Proof. Using integration by parts we obtain

* I(a) N0
—A ﬂavwwwh+[;nw7@7@

:1%L1&>ﬂW@<WL

APPENDIX B. GENERALIZED NEVANLINNA FUNCTIONS

~

1K1 £l

In this appendix we collect some information on the classes N, of generalized
Nevanlinna functions [22]. By N,, « € Ny, we denote the set of all functions M(z)
which are meromorphic in C; U C_, satisfy the symmetry condition

(B.1) M(z) = M(z*)*

for all z from the domain Dy, of holomorphy of M(z), and for which the Nevanlinna
kernel

(B2) NM(Z,C): ZaCGDMa Z%C*a
has x negative squares. That is, for any choice of finitely many points {z; j=1 CDum
the matrix

(B.3) {NM(Zj’Zk)}lgj,kgn

has at most x negative eigenvalues and exactly k negative eigenvalues for some
choice of {z;}7_;. Note that Ny coincides with the class of Herglotz—Nevanlinna
functions.

Let M € N, k > 1. A point A\g € R is said to be a generalized pole of non-
positive type of M if either

limsupe|M (Ao +i€)| = o0
el0

or the limit

lelﬁ)l(—lf)M(/\o + ie)

exists and is finite and negative. The point Ao = oo is said to be a generalized pole
of non-positive type of M if either

lim sup
Yoo Y

or
lim 7M(1y)
ytoo 1Y
exists and is finite and negative. All limits can be replaced by non-tangential limits.
We are interested in the special subclass N2° C N, of generalized Nevanlinna
function with no nonreal poles and the only generalized pole of nonpositive type at

oo. It follows from Theorem 3.1 (and its proof) and Lemma 3.3 of [22] that
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Theorem B.1. A function M € N2° admits the representation

(B.4) M(z):(l—&-zQ)k/R()\lz—l:\)\Q) HAQ +Zajzﬂ

where k < k, | <2k +1,

(B.5) a; €R, and /(1 +22) 7R ldp()) < .
R
The measure p is given by the Stieltjes—Livsi¢ inversion formula
1 1M
(B.6) 3 (P((Ro, M) + p([o, M])) = lim — Im (M (X + ie))dA.
E. >\0

The representation (B.4)) is called irreducible if k is chosen minimal, that is, either
k=0 or [((14+X2)Fdp(\) = cc.
Conversely, if (B.5) holds, then M(z) defined via (B.4)) is in N2° for some k.

If k is minimal, k is given by:

k, 1 < 2k,
(B.7) K= LéL 1 >2k+1, [ even, or, I odd and a; > 0,
L] +1, 1>2k+1, [ odd and, a; < 0.

For additional equivalent conditions we refer to Definition 2.5 in [10].

Given a generalized Nevanlinna function in N°, the corresponding « is given by
the multiplicity of the generalized pole at co which is determined by the facts that
the following limits exist and take values as indicated:

lim —M € (0, 0], lim

i (i)
Again the limits can be replaced by non-tangential ones. This follows from Theo-
rem 3.2 in [25]. To this end note that if M(z) € N,, then —M(2)~1, —M(1/z), and
1/M(1/z) also belong to N,.. Moreover, generalized zeros of M (z) are generalized
poles of —M (2)~! of the same multiplicity.

Lemma B.2. Let M (z) be a generalized Nevanlinna function given by (B.4)—(B.5)
with | < 2k 4+ 1. Then, for every 0 < v < 2, we have

(B.8) /L()‘) <00 <= / D*Im(M (ly>)d < 0.

R 1 + |)\‘2k+'y 2k+'y

Concerning the case v = 0 we have

[0y DTG

(B.9) L L+ N)F  yhe g1 ’

where the two sides are either both finite and equal or both infinite.

Proof. The first part follows directly from [I8] §3.5] (see also [30, Lem. 9.20]). The
second part follows by evaluating the limit on the right-hand side using the integral
representation plus monotone convergence (see e.g. [18] §4]). a
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APPENDIX C. SUPER SINGULAR PERTURBATIONS

In this section we will collect necessary facts on rank one singular perturbations of
self-adjoint operators (further details can be found in [7], [8], [29], see also references
therein).

Let H be an unbounded self-adjoint operator in $). Recall that to every such
operator we can assign a scale of Hilbert spaces $,,, n € Z, in the usual way: For
n > 0 set H, = D(|H|"?) together with the norm ||¢[|5, = ||(1 + |H|'/?)™y]|
and for n < 0 let 9,, be the completion of § with respect to the norm |[¢|g, =
(14 |H|*?)4p||. Then the conjugate linear map ¢ € $§ C H_,, — (¥,.) € H*
is isometric and we can identify $_,, with $; in a natural way. We will denote
the corresponding dual pairing between $f = $_,, and $,, by (., .)ﬁ. Note that H

gives rise to a unique extension H: O = Dn_s.
Choose ¢ € $_1 \ Hp. Consider the following perturbation of H,
(C.1) Hy:=H+9(p,.)q ¢, ¥ € RU{oo},

where the sum has to be understood as a form sum via the KLMN theorem (see
e.g. [30, Chapter 6.5]). The operator

(CZ) Hpyin = H’—ker((pa )

is symmetric in )y with deficiency indices n4 (Hmin) = 1 and the operators Hy can
be considered as a self-adjoint extensions of Hpiy,.
Then the function

(C.3) M(z) = (gp, (H - z)_lcp)ﬁ , zeC,UC.,

is well defined for all z € C; UC_ and is called the Weyl function of the symmetric
operator Hy,. It is also the Q-function of the pair { H, Huyin } in the sense of Krein
and Langer [2I]. Namely,

MM ()4 = (6D 2Ny () = (=0 e 1

where the function v(z) : C\R — £ is called the y-field. Moreover, the self-adjoint
extensions Hy of Hy,, can be parameterized via Krein’s resolvent formula

(C5) (Hy—2)"t=H=-2)""+ m (v(z%); ) v(2), z€CiLUC_.

(C.4)

Note that M (z) is a Herglotz—Nevanlinna function and admits the following repre-
sentation

1 A
. M = _
(C.6) @)=+ [ (525 - 155 e,
where p is a positive measure on R satisfying
dp(A)
(C.7) /R T2 < 00

It is well known that the spectral properties of H are closely connected with the
properties of MH Namely, there is a unitary transformation U : $ — L%(R, dp)

WWithout loss of generality we can assume that Hy,i, is simple, i.e., $ = span{y(z) : z €
(C+ uC_ }
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such that H is unitary equivalent to the multiplication operator
©8)  TF=A. oM = {FeBP®dp): [ RIFWEaN) <o},
In particular, the minimal operator Hy,, is unitary equivalent to

(C.9)  Tain = T[D(Toim), @(Tmm)f fe@ /f )dp(\) =

)5

that is, the corresponding unitary operator U maps the boundary condition (f, ¢
= =z

0 into [, f(x\)dp()x) = 0. In particular, the latter means U(p) = 1, U(y(z))
Since ¢ € H_1 \ Ny, we get that M is an Rp-function, that is,

(C.10) M(z) = /R ‘i”_(AA),

where

(C.11) /]de()\) = o0, /Rldi% <0

Example C.1. Let g € L}, (Ry) and g € L*(0,1). Let Hy be the Sturm-Liouville
operator corresponding to the Neumann boundary condition at x = 0,

HYf=7f, 7i= 1 tala), DHY) = {] € D(Hnw) : 10) =0},

It is also assumed that T is limit point at +00, i.e., the operator Hév is self-adjoint
in L*>(R,). Setting ¢ = &, where § is the Dirac delta distribution, we find

d2

T a2 +q(x), D(Hmin) = {f € D(Hmax) : f(0) = f(0) = 0}.

Let ¢(z,xz) and s(z,x) be entire solutions of Ty = zy such that ¢(z,0) = s'(z,0) =1
and ' (z,0) = s(z,0) = 0. The Weyl solution is given by
Y(z,x) = s(z,2) + m(2)c(z,x) € L*(Ry).
Here m(z) is the Weyl-Titchmarsh m-function. Clearly,
m(z) = ¥(z,0) = (4, (Hév - 27)_1(5)1.42 .

Hmin =

Moreover, the unitary transformation U, which maps Hév to T defined by (C.8), is
the usual Fourier transform

b——+oo

Foy = Ho) = tim / fla
where the right-hand side is to be understood as a limit in L*(R,dp).

If o € H_5\ H_1, then the operator can be given a meaning via the exten-
sion theory approach as follows: The operator Hy,;, defined by is symmetric
with ny(Hpin) = 1 and the Weyl function for H,;, (the Q-function for the pair
{H, Huin}) can be defined in a similar way, however, appropriate regularization of

(C.3)) is needed. Namely, set
(C.12)

M(z) = (ap, ((Ef—z)_l —R) w)ﬁ, RzRe((ﬁ—i)_l), zeCyUC_.
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In this case, M is a Herglotz—Nevanlinna function having the form (C.6|), where the
measure satisfies

do(n) _ do()
(C.13) /Rl+|/\‘—oo, /ﬂ§1+)\2<oo,

since p € H_2\ H_1.

Let us remark that in the case ¢ € $_o \ H_1 the perturbed operator Hy is not
uniquely defined anymore. It can only be concluded that Hy coincides with one of
the self-adjoint extensions parameterized by the Krein formula

T (H_a)le b
(o =27t = (=2 e

(’7(2*)3-){) ’Y(Z), zeCLUC_.

and additional assumptions on H and ¢ are needed for establishing the connection
between 9 and 9.

Singular perturbations by ¢ € $_,_1 \ H_,, with n > 2 cannot be treated in
terms of the extension theory of the operator H,,;, in the original space $) since
the operator Hp, is essentially self-adjoint in $), Hyy, = H = H*. However,
starting from the pioneering work [3], there is an interpretation for the singular
perturbations Hy as exit space extensions of an appropriate restriction of H (see
[28, [7, 8]). These extensions act in a space which is a finite-dimensional extension
of . They are non-self-adjoint with respect to the underlying Hilbert space inner
product, but become self-adjoint when a suitable Pontryagin space scalar product
is introduced. _

Namely, consider the 7-field v(z) = (H — 2)"!p. Note that vy(z) ¢ § since
Y EN_n_1\H_p, and hence (I;T —2)7 o eN_ni1\ H_ni2. To give a sense to the
element 7(z) and hence to the resolvent formula (C.5), let us extend the space §
by adding the following elements

(C.14) pyi= (H—1)7¢, jelly ik, hui=Inj2).

Then the vector

o
(C.15) V(@) = (H=2)lp=3 (e =1 o+ (z =) (H - 2) u,

j=1

can be considered as a vector from an extended inner product space $ which con-
tains both $) and the vectors . In this space the continuation H of H generates
a linear relation H’, for which the operator function can be interpreted to
form its ~-field in the sense that

Y(z) = () = (2 = O (H - Z)_1<p7 z,ze CLUC_.
The inner product (.,.)¢

5 in § should coincide with the form (.,.)s generated by
the inner product in $ if the vectors u,v are in duality, v € $_; and v € H;,
j€{0,...,k,}. For the other vectors in (C.15) it is supposed

<§037‘Pz>5 :tj-‘ri—lv Za.] € {1)"'akn}7

where {tj}?i’(fl C R. The corresponding inner product has precisely k = k,

negative squares (see [8 §4.3]). We omit the detailed construction of the exit space
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as well as the description of extensions (interested reader can find further details in
[7,[8]). Let us only note that one can choose the constants ¢; such that the function

(C.16) M(2) = (2% + 1) (pr,, (H = 2) 1, )

= (2 + 1) (=)™ (H =27 (H =) )

9

if n =2k, +1 and

(C.17) M(z) := (22 + 1)k» (<p;.ﬂ", ((f[ —2)7t — R) <,0k”)yj ,
R:mﬂﬁ—wﬂzégﬁ—rkuﬁ+Wﬁ,
if n = 2k, + 2, is the Q—function for H’, i.e.,
M(z) — M(¢)

2 =) = (¢ s

Observe that M(-) is a generalized Nevanlinna function and M € Ng°. Indeed,
since ¢, € H_5 \ 9, the function

M(z)
(22 + 1)kn
admits the representation either (C.10)—(C.11) or (C.12)—(C.13)). It remains to
apply Theorem

The function M (z) can be considered as a regularization of the function defined
by and will be called the singular Weyl function for the operator H. Note
that M (z) characterizes the pair {H, H’} up to unitary equivalence.

Mo(z) =
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